We present a systematic study of the shape function for inclusive B-meson decays in the heavy-quark limit, which is based on the QCD equations of motion and heavy-quark symmetry, and takes into account the cusp divergence due to radiative corrections.
Inclusive B-meson decays, such as semileptonic B → X u ℓν decays and penguininduced B → X s γ decays, are of special interest because they are sensitive probes of electroweak parameters as well as new physics. Especially for the precise determination of the CKM matrix element |V ub |, the region near the kinematic endpoint for the lepton energy spectrum, E ℓ ∼ E max ℓ = m B /2, in the decay B → X u ℓν plays an important role, 1 avoiding large backgrounds from the decays into charmed particles, B → X c ℓν. In this endpoint region, the hadronic decay products evolving from the u-quark have large energy but small invariant mass, so that the hadronic final state becomes jet-like with collinear interactions of an outgoing light quark. This implies that the corresponding differential decay rates are expressed as the light-cone expansion, analogously with deep inelastic lepton-nucleon scattering (DIS) cross sections: the leading term in the light-cone expansion is described by an analogue of the leading twist in the DIS, i.e., by a factorization formula where a structure function with all nonperturbative, long-distance (∼ 1/Λ QCD ) contribution is convoluted with the perturbatively calculable function. 2 This factorization formula is valid in the leading power of Λ QCD /m b and to all orders in α s , 2,3,4 and the structure function, called the shape function, is expressed as the B-meson matrix element of a bilocal light-cone operator in the heavy-quark effective theory (HQET): 2
where v µ is the 4-velocity of the B-meson (v 2 = 1), and n µ denotes a light-like vector (n 2 = 0, v · n = 1), pointing in the direction of the final-state light-quark jet.
(t) and f (ω) denote the shape functions in the coordinate and (residual) momentum representations, respectively. The shape function is process independent so that (1) describes other inclusive B decays, e.g., the photon energy spectrum of B → X s γ. For brevity, we do not show the path-ordered gauge factors connecting the constituent fields in the following.
The bilocal operator of (1) is renormalized at the scale µ. Recently it has been emphasized that the radiative corrections induce a Sudakov-type strong scale dependence on (1), governed by the "cusp anomalous dimension", 2,3,4 and, as a result,f (t) is singular for short distances,f (t) ∼ −(α s C F /π) log 2 (itµ) as t → 0; for f (ω), this implies that "radiative tail" is generated for ω ≪ −µ, and all nonnegative moments dωω j f (ω) become UV divergent. 2,3,4 This contamination of the short-distance singularity, that cannot be removed by the usual renormalization, suggests 2,3 that the bilocal operator of (1) has to be further decomposed as
with the Wilson coefficient functions C O (t, µ) that represent the "hard components" in (1), integrating out the modes associated with the mass scales 1/t; they are perturbatively calculable as
O + · · ·, and separate out all short-distance singularities of (1), C 
On the other hand, the local operators O(µ) represent the "soft components" and contain all nonperturbative effects. The OPE (2) is useful for tµ 1, and an independent set of O and the corresponding coefficients C O can be determined by matching both sides of (2) at the scale µ ≃ 1/t. We perform the matching, order by order in α s , and derive the sophisticated operator structure of (2), 6 that was previously unknown.
O does not have any noncanonical t-dependence singular for t → 0. Thus, in the tree-level matching of (2),h v (tn)h v (0) can be Taylor expanded about t = 0, and one can treat the corresponding local operatorsh v D µ1 · · · D µj h v . However, this actually requires a complicated task to disentangleh v D µ1 · · · D µj h v by a basis of "canonical operators" using the HQET equations of motion (EOM), iv · Dh v = 0, and has been feasible for the first few operators. 2 Here we solve the EOM constraints for the nonlocal operators, and Taylor expand the results at the final step: 6 in the exact operator identity,
, the first term in the RHS vanishes using the EOM. Because x µ is not restricted on the light cone, the corresponding constraint equation for x µ → tn µ is derived by combining with the light-cone expansion, where all local operators arising in the Taylor expansion of the first term are traceless and the following terms represent the corresponding "trace part". We get
Here the second and third terms in the LHS of (5) give the analogue of Nachtmann's correction in the DIS, due to deviation from the light-cone in h v (x)h v (0) lt of (4). Disentangling the last term of (6) with another operator identity from the EOM for heavy-quark and gluon fields, 6 the "source" term (6) 
where the first term is nonlocal version of the kinetic energy operator. Eqs. (5), (7) show that the t-dependence, i.e., the longitudinal-momentum dependence, of the shape function is controlled by higher dimensional operators, that represent Fermi motion effects and 4-particle correlations with additional quarks and gluons inside the B meson, and are immediately integrated and Taylor expanded about t = 0:
where we have simplified the tensor structure of the operators in the RHS using Lorentz invariance; for the j-th power t j , the local operators of dimension j + 3 contribute. The expression for the general j-th power shows 6 that an increasing number of operators participate for increasing j (i.e., ∼ j 2 /4 operators for j ≫ 1). The result (8) gives (2) with an operator basis
Utilizing this operator basis, we proceed to the one-loop matching of (2) to obtain C 
, the coefficients C O are obtained at the LO, and matrix elements of those operators are related to the nonperturbative parameters at 1GeV scale through evolution governed by the corresponding anomalous dimension. There are some simple estimates of those nonperturbative parameters. 6 The anomalous dimension ofh v g 2 t aq t a / nqh v is known at one-loop, 3 while the anomalous dimension matrix describing the renormalization mixing among
We note that matrix elements of the j+3 dimensional operators generate O (Λ QCD t) j power corrections in the OPE (2) because canonical size of the corresponding nonperturbative parameters is ∼ Λ j QCD ; for the regions with m b ≫ 1/t, these power corrections are enhanced compared with the usual subleading corrections, which are suppressed by powers of Λ QCD /m b . Physically, this corresponds to the situation in which the decay spectra in the endpoint region is smeared over a range ∆ with m b ≫ ∆ Λ QCD . 3 When t ≃ 1/Λ QCD , corresponding to ∆ ≃ Λ QCD , the higher-order power corrections in (2) are not suppressed, and the OPE has to be resummed. Under certain assumptions, our differential equation (5) gives a "resummed" solution, 6 whose behavior is consistent with a model 2 guided by IR renormalon analysis.
In conclusion, our results for (2) show that the shape function is a much more complicated object than the simple momentum distribution of the b-quark inside the B-meson, due to novel behavior of perturbative as well as nonperturbative nature.
